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Abstract We investigate the limiting behavior of the unnormalized Kahler-Ricci flow on 
a Kahler manifold with a polarized initial Kahler metric. We prove that the Kahler-Ricci 
flow becomes extinct in finite time if and only if the manifold has positive first Chern class 
and the initial Kahler class is proportional to the first Chern class of the manifold. This 
proves a conjecture of Tian for the smooth solutions of the Kahler-Ricci flow. 

1 Introduction 

The limiting behavior of the Kahler-Ricci flow is deeply related to the existence of canonical 
metrics and the minimal model program in algebraic geometry. Let X be an n-dimensional 
compact Kahler manifold. We consider the following unnormalized Kahler-Ricci flow 
starting with a Kahler metric u>q. 



If C\(X) = 0, the unnormalized Kahler-Ricci flow (11 .11) converges to the unique Ricci- 
flat metric in [uq] [Cao] . [Ylj . If C\(X) < 0, the normalized Kahler-Ricci flow 



converges to the unique hyperbolic Kahler-Einstein metric |Caoj . |Ylj . [A"] . 

If Ci(X) is nonpositive and not strictly negative, there does not exist a smooth Kahler- 
Einstein metric on X. However, the normalized Kahler-Ricci flow (11.21) has long time 
existence. If X is a minimal model of general type, the Kahler-Ricci flow ( 11.21) converges 
to the unique singular Kahler-Einstein metric as time tends to infinity |Tsj . [TZhaj . In 
general, if the canonical bundle Kx is semi-ample, the normalized Kahler-Ricci flow ( 11. 2ft 
can possibly collapse but it always converges to the unique generalized Kahler-Einstein 
metric on the canonical model of X |SoTlj . [SoT2] . 

If ci(X) > 0, X is called a Fano manifold in algebraic geometry. It is conjectured by 
Yau |Y2j that the existence of a Kahler-Einstein metric is equivalent to suitable stability 
in the sense of geometric invariant theory. The condition of i^-stability is later proposed 
by Tian [TlJ and has been refined by Donaldson [D] . The Kahler-Ricci flow provides an 
approach to the Yau-Tian-Donaldson conjecture and it has attracted considerable current 
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interest. We refer the reader to an incomplete list of literatures |PSlj . [PS2j . [PSSWlj . 
|PSSW2] . jSz] . [Toj and [CWj for some recent development. If one assumes the existence 
of a Kahler-Einstein metric, then according to the unpublished work of Perelman [P2j 
(see |TZhuj ). the normalized Kahler-Ricci flow = —Ric(g) + g with the initial Kahler 
metric in C\(X) converges to a Kahler-Einstein metric (this is due to [Hj, [Ch] in the case 
of one complex dimension). 

Let M be a closed Riemannian manifold and g(t) be a smooth solution of the Ricci 
flow for t G [0, T). The Ricci flow becomes extinct at t = T if (M,g(t)) converges to a 
point in the sense of Gromov-Hausdorff, or equivalently, the diameter of g(t) tends to as 
t — > T. It is proved in [IKj that the diameter of g(t) is uniformly bounded below from if 
there exists an element of infinite order in Hi(M, Z). However, many projective manifolds 
do not admit elements of infinite order in Hi(M, Z). In particular, Fano manifolds are 
all simply connected. Indeed, it is proved by Perelman [P2j (see |SeT] ) that the Kahler- 
Ricci flow (11.11) on Fano manifolds becomes extinct in finite time if the initial Kahler 
class is proportional to the first Chern class of the manifold. Thus it is of our interest 
to completely understand the extinction conditions for the Kahler-Ricci flow (II. ip . In 
general, the Kahler-Ricci flow can be weakly defined on singular projective varieties with 
mild singularities and surgeries might be performed, as investigated in |SoT3j . Therefore 
the notion of extinction can be generalized to the Kahler-Ricci flow with surgery. The 
following conjecture is proposed by Tian in |T2j . 

Conjecture 1.1 The Kahler-Ricci flow U.l\) with surgery becomes extinct in finite time 
if and only if the initial projective manifold is birationally equivalent to a Fano manifold. 

It is shown in |SWj that the conjecture holds in the special case of Hirzebruch surfaces 
when the initial Kahler metric satisfies the Calabi symmetry. 

We prove Conjecture 11.11 in the case of the usual Kahler-Ricci flow with smooth solu- 
tions. 

Theorem 1.1 Let X be an n-dimensional Kahler manifold. Then the Kahler-Ricci flow 
U.l\) with an initial Kahler metric in the class of H 2 (X, Z) becomes extinct in finite time 
if and only if X is Fano and the initial Kahler class is proportional to c\ (X) . 

More generally, we have the following general diameter estimates. 

Theorem 1.2 Let X be n-dimensional Kahler manifold. Let u be a Kahler metric on X 
such that [uq] G H 2 (X, Z). Then the diameter is uniformly bounded below from along 
the Kahler-Ricci flow U.l\) if one of the following conditions holds. 

1. Kx is semi- ample. 

2. Kx is not nef and K x l is not ample. 

3. K x is ample and [loq] is not proportional to [K^ 1 ]. 

In particular, if Kx is semi-ample and the Kodaira dimension of X is positive, the 
diameter tends to infinity of order \ft as t — > oo along the Kahler-Ricci flow M.l\) . 
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It is known that the abundance conjecture holds for dimension three and so Kx is 
semi-ample whenever it is nef. The following corollary is then an immediate consequence 
of Theorem II .21 

Corollary 1.1 Let X be a Kdhler manifold of dim X < 3. Then the Kahler-Ricci flow 
U.l\) on X with an initial Kdhler metric in H 2 (X, Z) becomes extinct if and only if X is 
Fano and the initial Kdhler class is proportional to c\(X). 

The above statement holds for dimX > 4 if we assume the abundance conjecture. 

We further propose the following conjecture as a natural attempt to generalize Theo- 
rem 11.11 and Corollary 11.11 by removing the condition for the initial Kahler class and the 
assumption of the abundance conjecture. 

Conjecture 1.2 Let X be an n-dimensional Kdhler manifold. Then the Kahler-Ricci flow 
on X with an initial Kdhler metric becomes extinct if and only if X is Fano and the initial 
Kdhler class is proportional to c\{X). 

Remark 1.1 Theorem 1.1 also holds if the initial Kahler metric is in a multiple of a class 
in H 2 (X, Z). This can be easily proved by suitable scaling of the unnormalized flow (11.11) . 
It is pointed out by V. Tosatti to the author that Theorem 1.1 should also be true if the 
initial Kahler metric sits in the real Neron-Severi group (H 2 (X, Z) H H ' (X, C)) ® R as 
the base-point-free theorem holds for R-divisors due to Shokurov. 

2 Base point freeness 

Let X be an n-dimensional projective manifold and L — > X a holomorphic line bundle 
over X. Let N(L) be the semi-group defined by 

N(L) = {m e N | H°(X, L m ) ^ 0}. 

Given any m £ N(L), the linear system \L m \ = PH°(X, L m ) induces a rational map 

$ m : X — > CP dm 

by any basis {a mfi , a m>1 , ... : a m4m } of H°(X,L m ) as 

where d m + 1 = dimH°(X, L m ). Let Y m = $ m (X) C CP dm be the closure of the image of 
X by $ m . 

Definition 2.1 The Iitaka dimension of L is defined to be 

k(X,L) = max {dimYm} 

rn&N(L) 

if N(L) 4>, and k(X,L) = -oo if N(L) = (j). 
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Definition 2.2 Let X be an projective manifold and Kx the canonical line bundle over 
X. Then the Kodaira dimension kod(X) of X is defined to be 

kod(X) = k(X,K x ). 

The Kodaira dimension is a birational invariant of projective varieties and the Kodaira 
dimension of a singular variety is equal to that of its smooth model. 

Definition 2.3 Let L — > X be a holomorphic line bundle over a projective manifold X . 
L is called semi-ample if the linear system \L m \ is base point free for some m > 0. 

For any m G N such that \L m \ is base point free, the linear system \L m \ induces a 
holomorphic map $ m 

$ m : X -> CP dm 
by any basis of H°(X, L m ). Let Y m = $ m (X) and so 

$ m : X->y m eCP*». 
The following theorem is well-known (see [L], [U]). 

Theorem 2.1 Let L — > X be a semi-ample line bundle over an algebraic manifold X . 
Then there is a projective fibration 

tx-.X^Y 

such that for any sufficiently large integer m with L m being globally generated, 

Y m = Y and $ m = 7r, 

where Y is a normal projective variety. Furthermore, there exists an ample line bundle A 
on Y such that L m = it* A. 

If L is semi-ample, the graded ring R(X,L) = (B m >oH°(X, L m ) is finitely generated 
and so R(X, L) = Q)m>oH°(X, L m ) is the coordinate ring of Y. 

Definition 2.4 Let L — > X be a semi-ample line bundle over a projective manifold X. 
Then the algebraic fibration n : X — > Y as in Theorem \2.1\ is called the Iitaka fibration 
associated to L. It is completely determined by the linear system \L m \ for sufficiently large 
m. 

The following theorems are known as the rationality theorem and base-point-free the- 
orem in the minimal model program (see [KMM], [KMj ). 

Theorem 2.2 Let X be a projective manifold such that Kx is not nef. Let H be an ample 
divisor and let 

X = max{t e R | H + tK x is nef }. (2.1) 

Then A G Q. 



4 



Theorem 2.3 Let X be a projective manifold. Let D be a nef divisor such that aD — Kx 
is nef and big for some a > 0. Then D is semi-ample. 

We now will apply the base-point-free theorem to the Kahler-Ricci flow at the finite 
blow-up time. We consider the unnormalized Kahler-Ricci flow (11.11) with the initial Kahler 
class H = [uq] G H 2 (X, Z) H H 1,l (X, C). The evolution of the Kahler class satisfies the 
following ordinary differential equation 

§;[«>] = [Kx], Mt=o = [H}. (2.2) 
Therefore, [u] = [H + tK x ] for t > 0. 

Lemma 2.1 Let 

T = sup{t >0\H + tK x is nef}. (2.3) 
Then T G Q if Kx is not nef and T = oo if Kx is nef. 

Proof The lemma is an immediate corollary of the rationality Theorem 12.21 

□ 

The following theorem is proved in |TZha] for the maximal existence of the Kahler-Ricci 
flow. 

Proposition 2.1 The Kahler-Ricci flow ( fi.il) exists for t G [0, T). 
Lemma 2.2 Let L = H + TKx- Then L is semi-ample. 

Proof Notice that L — eKx = H + (T — e)Kx is ample for sufficiently small e > 0. The 
lemma follows from the base-point-free theorem 12.31 

□ 

3 The case when Kx is not nef and k(L) = 

If Kx is not nef, T < oo and the unnormalized Kahler-Ricci flow (II. ip does not have long 
time existence and it must develop singularities at t — T. In particular, it is shown in 
[Z] that the scalar curvature must blow up at t = T. Let L = H + TKx- Then either 
k{L) = or k(L) > as L is semi-ample. 

Proposition 3.1 If n(L) = 0, X is Fano and [H] is proportional to ci(X). 
Proof Since L semi-ample and k(L) = 0, L m is trivial for some m and [L] = 0. Hence 

T Cl (X) = -T [K x } = [H]>0. 

□ 

The following theorem is proved by Perelman |P2j (see |SeT| ). 
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Theorem 3.1 Let X be a Fano manifold of complex dimension n > 2. The unnormalized 
Kdhler-Ricci flow becomes extinct in finite time if the initial Kahler class is proportional 
to the first Chern class C\{X). 

More precisely, Perelman shows that if X is Fano and the initial Kahler metric lies 
in Ci(X), the diameter of the evolving metrics is uniformly bounded above along the 
normalized Kahler-Ricci flow j^g = —Ric(g) + g. The above theorem follows immediately 
after scaling the normalized flow back to the unnormalized flow. 



4 The case when Kx is not nef and k(L) > 

Now we assume k = k(L) > 0. Since L is semi-ample, H°(X,L m ) induces a holomorphic 
map for sufficiently large m 

tt : X -> Y C CP dm , 

where Y is a normal variety of dim Y = k and d m + 1 = dim if (X, L m ). 

Since L = H + TKx is semi-ample, there exists a smooth (1, l)-form x £ [Kx] such 
that 

ujt = + Tx > 
is proportional to the pullback of the Fubini-Study metric uips 011 

CP dra by $. There also 

exists a smooth volume form OonX such that 

a/— IddlogVl = x- 

Let u t = ujq + tx- Then 

t T — t T — t 
co t = ^wt H 7^u > -^^uj > 

and the following lemma holds immediately. 

Lemma 4.1 For any (t, z) G [0, T) x X, 

We consider the following Monge-Ampere flow induced by the unnormalized Kahler- 
Ricci flow. 

dt Q (4_ 2 ) 

¥>|t=o = 0. 

Lemma 4.2 T/iere exis£s C > s«c/i £/ia£ /or (t, z) G [0, T) x X ; 

< C. (4.3) 
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Proof Let (p ma x(t) = max 2eX <p(t, z). Then 

d ou? (u + u T ) n 
^W<log-<log <C. 

Hence 

<p(t, z) < CT. 



□ 



Proposition 4.1 There exists C > snc/i that for all (t, z) e [0, T) x X, 

tT u {ur) < C. (4.4) 

Proof This is a parabolic Schwarz lemma similar to the one given in [SoTlj . Suppose 
Ut = ctt*u)fs an d ^fs — h a pdx a A dx 13 . 

Choose normal coordinate systems for g = u(t, ■) on X and h on CP dm respectively. 
Let u = tr g {h) = g^nf^h^ and we will calculate the evolution of u. u is nonnegative as 
7r is holomorphic. Standard calculation shows that 



g u g kl R k i<^h a -p + sV^A* - g^g u s-^:-^^. 



a P _y 8 



where is the curvature tensor of h a p. By the definition of u we have 

An > g a g kl R^iih al - Ku 2 
for some fixed constant K > 0. Now 

= g U g kl Ru^h aJ , 

therefore 

d \ 

— - A J logw < Ku. (4.5) 
Consider H = log u — 2A(p. If A is chosen to be sufficiently large, 

< -tr u (2Au t - Kuj t ) - 2 A log — + 2 An 

to? _ . . Q 



< -tr u (Au t ) + 2 A log — + 2 A log — + 2 An 



U)' 



< -CAn\og(T-t) + CA. 
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t=o — l°g t r Lu ( w t) is bounded from above. By the maximum principle, 

H < —C [ log(T - t)dt + C <C. 
Jo 

The proposition is proved as ip is uniformly bounded from above. 

□ 

Corollary 4.1 There exists C > such that for (t, z) G [0, T) x X 

ut > Cit*lu fs . (4.6) 

Theorem 4.1 Let g(t) be the Kdhler metric associated with u>(t,-). Then there exists 
C > 0, such that for t E [0, T), 

diam(X,g(t))>C. (4.7) 

Proof Since Y is normal, the singular set of Y is an analytic subvariety of Y of codimen- 
sion greater than one. Let xq be a point in the nonsingular part Y reg of Y. Then there 
exists a geodesic ball Bz t {xq, gFs) C Y reg of radius r > centered at z with respect to 
the Fubini-Study metric qfs restricted on Y. There exist x\ and x 2 G B r (xo, gFs) such 

dY t g FS {xi,x 2 ) > r, 

where dY, 9FS (xi, x 2 ) is the distance between x\ and x 2 on F with respect to qfs- 
Choose z\ G 7r _1 (xi) and z 2 G n~ 1 (x 2 ). Then for z = 1, 2, let 

d-K-i{B2r{xo,g F s)),9{t){ z ii K~ d(B 2r (x ,gFs))) 

be the distance from ^ to ir~~ 1 (d(B2 r (xo, gFs)) in ^ _1 (-S2r(2 ; 0i 9fs) with respect to g>(i) 
and dY, 9FS (xi, dB 2r (xo, gFs)) be the distance from Xi to dB 2r (x , gps) on V with respect 
to <?j?s. Then 

d^(B 2r (x ,g FS )),g(t)( z i^ 7[ ~ ld ( B ^(xo,g F s))) > Cd Y ,g FS (xi, dB 2r (x , g FS )) > Cr, 

and so 

dx, g (t)(zi, z 2 ) > Cd Y ,g FS {xi,x 2 ) > Cr. 

□ 



5 The case when Kx is nef 

When Kx is nef, it follows from Proposition 12.11 that the unnormalized Kahler-Ricci flow 
( 11. ip has long time existence. 

Proposition 5.1 Let X be n- dimensional projective manifold of kod(X) = 0. If Kx is 
semi-ample, then there exists C > depending on go such that along the Kahler-Ricci flow 

diam{X,g{t))>C. (5.1) 
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Proof If kod(X) = and Kx is semi-ample, Ci(X) = 0. The proposition is a result of 
Cao [Oao], jYT] . 

□ 



Proposition 5.2 Lei X be n- dimensional projective manifold of kod(X) > 0. If Kx is 
semi-ample, then there exists C > depending on go such that along the Kahler-Ricci flow 



diam(X,g(t))>CVt. (5.2) 
Proof We consider the following normalized Kahler-Ricci flow when Kx is nef. 

S-9 = -Ric(g) - g 

ds (5.3) 

g\ s =o = go- 

The relation between the solution g(t) of the unnormalized Kahler-Ricci flow fll.il) and 
the solution g(s) of the normalized flow (15.31) is given by 

t = e s -1, 

g(t) = e s g(s) = (t + l)g(log(t+l)). 

If X is of general type, there exists a birational holomorphic map / : X — > X can from 
X to its canonical model X can as R(X, Kx) is finitely generated. Let E be the set of all the 
points on X such that / is not isomorphic. Then E is a subvariety of X and it is proved 
in |Tsj . |TZha] that g(t) converges in C°°(X \ E) as t — >• oo along the normalized flow 
(15. 3p . Since the limiting singular Kahler-Einstein metric is smooth and non-degenerate on 
X\E, diam(X,g(t)) is then uniformly bounded below from 0. 

If < k — kod(X) < n, then there exists a unique holomorphic map / : X — > X can e 
CP^, where X can is the canonical model of X of dimX can = k. Let 

X° an = {i6 X can | x is nonsingular and f~ l (x) is nonsingular} . 

Let h be the pullback of the Fubini-Study metric on X can . Then it is proved in [SoTlj . 
|SoT2j by the parabolic Schwarz lemma, that for any K CC X° an , there exists Ck > 
such that on [0, oo) x K, 

g(t) > C K f*h (5.4) 

along the normalized Kahler-Ricci flow (15.31) . Therefore, diam(X, g(t)) is uniformly bounded 
from below from 0. 

Combining the above estimates, for any initial metric go, there exists C > such that 
along the normalized Kahler-Ricci flow (15.31) . 

diam{X,g(s))>C. (5.5) 

The proposition is proved as g(t) — (t + l)^(log(t + 1)). □ 
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Now we are able to prove the main theorems. 



Proof of Theorem 11.21 If Kx is not nef and K^ 1 is not ample, L = H + TKx has 
positive Iitaka dimension at the singular time t = T. If K% is ample and [u ] is not 
proportional to K% , Kx is not nef and L = H + TKx has positive Iitaka dimension at 
the singular time t = T by Proposition 13.11 Then the proposition follows by combining 
Theorem 14.11 Proposition 15.11 and Proposition 15.21 □ 

Proof of Theorem 11.11 The Kahler-Ricci flow ( 11. II) has long time existence if Kx is nef. 
Theorem 11.11 follows easily from Theorem 11.21 and Theorem 13.11 □ 

Acknowledgements. The author is grateful to Professor D.H. Phong for his advice, 
encouragement and support. The author would like to thank: Professor G. Tian for 
bringing his article T2] to his attention as well as his useful suggestion; V. Tosatti for a 
number of very enlightening discussions; Professor J. Sturm, G. Szekelyhidi, B. Weinkove 
and Y. Yuan for helpful suggestions. 



References 

[A] Aubin, T. Equations du type Monge-Ampere sur les varietes kdhleriennes compactes, Bull. Sci. Math. 
(2) 102 (1978), no. 1, 63-95 

[Cal] Calabi, E. Extremal Kahler metrics, in Seminar on Differential Geometry, pp. 259-290, Ann. of 
Math. Stud., 102, Princeton Univ. Press, Princeton, N.J., 1982 

[Cao] Cao, H.-D. Deformation of Kahler metrics to Kahler- Einstein metrics on compact Kahler manifolds, 
Invent. Math. 81 (1985), no. 2, 359-372 

[CW] Chen, X.X. and Wang, B. Space of Ricci flows (I), preprint, arXiv: 0902.1545 

[Ch] Chow, B. The Ricci flow on the 2-sphere, J. Differential Geom. 33 (1991) 325-334 

[D] Donaldson, S.K. Scalar curvature and stability of toric varieties, J. Differential Geom. 62 (2002), no. 
2, 289-349 

[H] Hamilton, R.S. The Ricci flow on surfaces, Contemp. Math. 71 (1988) 237-261 

[IK] Ilmanen, T. and Knopf, D., A lower bound for the diameter of solutions to the Ricci flow with nonzero 
H 1 (M n ; R), Math. Res. Lett. 10 (2003), no. 2, 161-168 

[L] Lazarsfeld, J., Positivity in algebraic geometry. I. Classical setting: line bundles and linear series, A 
Series of Modern Surveys in Mathematics, 48. Springer- Verlag, Berlin, 2004. xviii+387 pp. 

[KMM] Kawamata, Y., Matsuda, K. and K. Matsuki, K., Introduction to the minimal model problem, 
Algebraic geometry, Sendai, 1985, Adv. Stud. Pure Math., vol. 10, North-Holland, Amsterdam, 1987, 
pp. 283-360. 

[KM] Kollar, S. and Mori, S., Birational geometry of algebraic varieties, Cambridge Tracts in Mathemat- 
ics, vol. 134, Cambridge University Press, Cambridge, 1998 

[PI] Perelman, G. The entropy formula for the Ricci flow and its geometric applications, preprint, 
|arXiv:math.DG/0211159l 

[P2] Perelman, G. unpublished work on the Kahler-Ricci flow 

[PS1] Phong, D. H. and Sturm, J. On the Kahler-Ricci flow on complex surfaces, Pure Appl. Math. Q. 1 
(2005), no. 2, part 1, 405-413 



10 



[PS2] Phong, D.H. and Sturm, J. On stability and the convergence of the Kahler-Ricci flow, J. Differential 
Geometry 72 (2006), no. f, 149-168 

[PSSW1] Phong, D.H., Song, J., Sturm, J. and Weinkove, B. The Kahler-Ricci flow and the d operator 
on vector fields, J. Differential Geometry 81 (2009), no. 3, 63f-647 

[PSSW2] Phong, D.H., Song, J., Sturm, J. and Weinkove, B. The modified Kahler-Ricci flow and solitons, 
preprint, arXiv: 0809.094f 

[SeT] Sesum, N. and Tian, G. Bounding scalar curvature and diameter along the Kahler Ricci flow (after 
Perelman), J. Inst. Math. Jussieu 7 (2008), no. 3, 575-587 

[SoTl] Song, J, and Tian, G. The Kahler-Ricci flow on surfaces of positive Kodaira dimension, Invent. 
Math. 170 (2007), no. 3, 609-653 

[SoT2] Song, J, and Tian, G. Canonical measures and Kahler-Ricci flow, preprint, arXiv: 0802.2570 

[SoT3] Song, J, and Tian, G. Canonical measures and Kahler-Ricci flow II, preprint 

[SW] Song, J. and Weinkove, B. The Kahler-Ricci flow on Hirzebruch surfaces, preprint arXiv:0903.1900 

[Sz] Szekelyhidi, G. The Kahler-Ricci flow and K-stability, preprint, arXiv: 0803.1613 

[Tl] Tian, G. Kahler- Einstein metrics with positive scalar curvature, Invent. Math. 130 (1997), no. 1, 
1-37 

[T2] Tian, G. New results and problems on Kahler-Ricci flow, to appear in Asterisque 

[TZha] Tian, G. and Zhang, Z. On the Kahler-Ricci flow on projective manifolds of general type, Chinese 
Ann. Math. Ser. B 27 (2006), no. 2, 179-192 

[TZhu] Tian, G. and Zhu, X. Convergence of Kahler-Ricci flow, J. Amer. Math. Soc. 20 (2007), no. 3, 
675-699 

[To] Tosatti, V. Kahler-Ricci flow on stable Fano manifolds, preprint, arXiv: 0810.1895 

[Ts] Tsuji, H. Existence and degeneration of Kahler- Einstein metrics on minimal algebraic varieties of 
general type, Math. Ann. 281 (1988), 123-133. 

[U] Ueno, K., Classification theory of algebraic varieties and compact complex spaces, notes written in 
collaboration with P. Cherenack, Lecture Notes in Mathematics, Vol. 439, Springer- Verlag, Berlin- 
New York, 1975. xix+278 pp. 

[Yl] Yau, S.-T. On the Ricci curvature of a compact Kahler manifold and the complex Monge-Ampere 
equation, I, Comm. Pure Appl. Math. 31 (1978), 339-411 

[Y2] Yau, S.-T. Open problems in geometry, Proc. Symposia Pure Math. 54 (1993), 1-28 (problem 65) 

[Z] Zhang, Z., Scalar curvature behavior for finite time singularity of Kahler-Ricci flow, arXiv:0901.1474 

* Department of Mathematics 

Rutgers University, Piscataway, NJ 08854 



11 



